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Ultrastrong light-matter interaction in an optomechanical system can result in nonlinear optical
effects such as photon blockade. The system-bath couplings in such systems play an essential role in
observing these effects. Here we study the quantum coherence of an optomechanical system with a
dressed-state master equation approach. Our master equation includes photon-number-dependent
terms that induce dephasing in this system. Cavity dephasing, second-order photon correlation, and
two-cavity entanglement are studied with the dressed-state master equation.
PACS numbers: 42.50.Wk, 07.10.Cm, 03.65.Yz, 42.65.-k
I. INTRODUCTION
Cavity optomechanics studies quantum effects induced
by light-matter interaction between cavity and mechan-
ical modes [1, 2]. Many such effects have been real-
ized in recent experiments, including the preparation
of quantum ground state, the observation of strong op-
tomechanical coupling, and the coherent conversion of
photon states via a mechanical interface [3–11]. Among
recent theoretical works, studies of optomechanical sys-
tems in the single-photon strong or ultrastrong coupling
regime have predicted many interesting nonlinear optical
effects such as photon blockade, phonon sidebands and
nonlinear optomechanically-induced transparency [12–
23]. With the strength of the single-photon optomechani-
cal coupling comparable to the mechanical frequency and
the cavity bandwidth, the optomechanical systems can
demonstrate strong nonlinearity. It is promising to reach
this regime in several experimental systems [4–9, 24, 25].
In addition, recent theoretical works have shown that ul-
trastrong coupling could be achieved by various quantum
engineering schemes [26–30].
The cavity and the mechanical modes in an optome-
chanical system are subject to environmental noise,
which causes decoherence and plays a crucial role in
studying the nonlinear optical effects. The system-bath
couplings can be treated with a master equation ap-
proach. Very often, a standard master equation (SME)
is used to describe the damping and thermal excita-
tions. For example, the contributions of the mechanical
bath can be in the form of D[bˆ]ρ(t) and D[bˆ†]ρ(t), where
bˆ is the annihilation operator of the mechanical mode,
D[oˆ]ρ(t) = 12 [2oˆρ(t)oˆ†− oˆ†oˆρ(t)−ρ(t)oˆ†oˆ] is the Lindblad
superoperator for operator oˆ, and ρ(t) is the density ma-
trix of the optomechanical system at time t. Such treat-
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ment is based on the assumption that the optomechanical
coupling is much weaker than the mechanical frequency,
and thus does not seriously modify the eigenstates of this
system. Under this assumption, each system mode is only
affected by their corresponding bath modes. However, in
the single-photon strong or ultrastrong coupling regime,
photons in the eigenstates are strongly dressed by phonon
excitations of the mechanical mode, and this assumption
is not valid anymore [31–34].
Here we study the quantum coherence and dynamics
of an optomechanical system in the ultrastrong coupling
regime with an appropriate master equation approach.
In our method, we decompose the system operators in
terms of the eigenstates (dressed states) of the optome-
chanical system and derive the master equation under
this decomposition. This approach was previously used
to study strongly-coupled harmonic oscillators with lin-
ear coupling [32, 33] and a mechanical resonator coupled
to a two-level-system defect [34]. Our master equation
contains photon-number-dependent terms in the form of
D[bˆ − β0Nˆc]ρ(t), D[bˆ† − β0Nˆc]ρ(t) and D[Nˆc]ρ(t), which
cause mechanical damping as well as cavity dephasing.
Counter-intuitively, the term D[Nˆc]ρ(t) that generates
dephasing between different photon Fock states is not
induced by cavity bath modes. It is originated from me-
chanical bath modes that influence the state of the cav-
ity via light-matter interaction. We show that at high
temperature our master equation generates faster cavity
dephasing and entanglement decay when compared with
the SME. The second-order photon correlation given by
our master equation also demonstrates more classical be-
havior than that of the SME at high temperature, pre-
dicting photon bunching in some regions of photon an-
tibunching predicted by the SME. Our results indicate
that the coherence of an optomechanical system could
be strongly influenced by the ultrastrong coupling, and
the SME may not be sufficient for studying this system.
This paper is organized as follows. In Sec. II, we
present the master equation derived in the dressed-state
basis of an optomechanical system and compare this mas-
2ter equation with the SME. We then study the quan-
tum coherence properties of an optomechanical system
governed by this master equation in Sec. III, Sec. IV
and Sec. V, respectively, on the dephasing of the cavity
state, the second-order photon correlation in the station-
ary state of the cavity, and the dynamics of two-cavity
entanglement. Conclusions are given in Sec. VI.
II. DRESSED-STATE MASTER EQUATION
We consider an optomechanical system with one cavity
mode and one mechanical mode coupling via radiation-
pressure interaction. The Hamiltonian of this system is
(~ = 1)
Hˆs = ωcaˆ
†aˆ+ ωmbˆ†bˆ− g0aˆ†aˆ(bˆ+ bˆ†), (1)
where ωc (ωm) is the cavity (mechanical) frequency, g0
is the strength of the single-photon optomechanical cou-
pling, aˆ (bˆ) is the annihilation operator of the cavity (me-
chanical) mode. The eigenstates of this coupled system
can be written as
|n, k(n)〉 = |n〉c ⊗ enβ0(bˆ
†−bˆ)|k〉m (2)
with cavity photon number n and phonon number k for
the mechanical mode. Here the state |k(n)〉 is the me-
chanical Fock state |k〉m shifted with a displacement nβ0
that is proportional to the cavity photon number n and
β0 = g0/ωm. In other words, the eigenstates are dressed
states in which the cavity photon excites a photon-
number-dependent mechanical displacement due to the
optomechanical coupling. The corresponding eigenener-
gies of these states are εn,k = nωc + kωm − n2g20/ωm.
In this work, we study the optomechanical system in the
ultrastrong coupling regime with the single-photon op-
tomechanical coupling g0 comparable to (or larger than)
the mechanical frequency and the cavity bandwidth κ.
In this regime, the mechanical component of the eigen-
states is strongly shifted by the optomechanical coupling
with a displacement proportional to the cavity photon
number [12–14, 28].
The cavity and the mechanical modes couple to envi-
ronmental degrees of freedom which induce damping and
thermal excitations in the optomechanical system. The
system-bath couplings can be written as HˆIb = Hˆ
I
cb+Hˆ
I
mb
in the interaction picture with [31]
HˆIcb = aˆ
†(t)Γˆc(t) + Γˆ†c(t)aˆ(t); (3)
HˆImb = [bˆ(t) + bˆ
†(t)][Γˆm(t) + Γˆ†m(t)]. (4)
The system operator aˆ(t) = eiHˆstaˆe−iHˆst can be decom-
posed in terms of the eigenstates as
aˆ(t) =
∑
n,k,j
e−i∆
(n)
k,j
tA
(n)
j,k |n− 1, j(n−1)〉 〈n, k(n)|, (5)
where the Franck-Condon factorsA
(n)
j,k =
√
n〈j(n−1)|k(n)〉
are finite for j 6= k, indicating that aˆ(t) contains many
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FIG. 1: (Color online) Schematic energy diagram and system-
bath coupling of the optomechanical system (only the 0-, 1-
and 2-photon subspaces shown). The arrows indicate transi-
tions induced by cavity (blue) and mechanical (black) bath
modes.
phonon sidebands, and ∆
(n)
k,j = (εn,k − εn−1,j). The op-
erator bˆ(t) = eiHˆstbˆe−iHˆst can be simplified as
bˆ(t) = e−iωmt(bˆ − β0Nˆc) + β0Nˆc (6)
with Nˆc = aˆ
†aˆ being the photon number operator.
The operator Γˆc(t) (Γˆm(t)) is the cavity (mechanical)
bath operator with Γˆc(t) =
∑
j gcje
−iωcjtcˆcj (Γˆm(t) =∑
j gmje
−iωmjtcˆmj) in terms of the annihilation opera-
tor cˆcj (cˆmj), frequency ωcj (ωmj), and coupling con-
stant gcj (gmj) of the bath modes. With ωc ≫ ωm, the
cavity bath spectral densityJc(ω) =
∑
j |gcj|2δ(ω − ωcj)
can be assumed to be flat over the whole range of
relevant phonon sidebands with Jc(ωc) = κ/2pi. We
also assume that the mechanical bath spectral density
Jm(ω) =
∑
j |gmj |2δ(ω − ωmj) is of Ohmic form with
Jm(ω) = (γmω/2piωm) and γm being the mechanical
damping rate. At high temperature, this spectral density
corresponds to a white noise on the mechanical mode [35].
Under the Born-Markov and the rotating wave approx-
imations (RWA), we then derive the full master equation
of this system using the dressed-state operator decompo-
sition given in Eqs. (5) and (6). The master equation in
the Schro¨dinger picture has the form
dρ(t)
dt
= −i[Hˆs, ρ(t)] + γm(nth + 1)D[bˆ − β0Nˆc]ρ(t)
+ κD[aˆ]ρ(t) + γmnthD[bˆ† − β0Nˆc]ρ(t)
+ 4γm(kBT/ωm)β
2
0D[Nˆc]ρ(t), (7)
where nth is the thermal phonon occupation number at
temperature T and D[oˆ]ρ(t) is the Lindblad superopera-
tor. Below we call this master equation the dressed-state
3κt
ρ
0
3
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)
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FIG. 2: (Color online) Time envelope of |ρ03(t)|. Thin (red)
envelopes are for nth = 0; thick (blue) envelopes are for nth =
20. The dotted curves are the actual time evolution of |ρ03(t)|.
Other parameters are g0 = 0.8ωm, κ = 0.005 ωm and γm =
0.00167 ωm.
master equation (DSME). The last term in this master
equation is due to the low-frequency part of the mechan-
ical noise [35] and could induce dephasing between dif-
ferent photon number states. Detailed derivation of the
DSME can be found in Appendix A. In the limit of weak
single-photon optomechanical coupling with β0 ≪ 1, the
β0-dependent terms in the DSME can be neglected. The
DSME then becomes
dρ(t)
dt
= −i[Hˆs, ρ(t)] + γm(nth + 1)D[bˆ]ρ(t)
+ κD[aˆ]ρ(t) + γmnthD[bˆ†]ρ(t), (8)
which has the familiar form of the SME often seen in the
literature.
Compared with SME, the extra terms in the DSME
originate from the mechanical bath modes and the in-
teraction between the cavity and the mechanical modes.
This interaction results in the expression in Eq. (6). From
Eq. (6) together with Eq. (4), we see that the mechan-
ical resonator-bath coupling generates two physical pro-
cesses: (i) the exchange of phonons between the system
and bath modes in the shifted basis, which gives rise to
the D[bˆ − β0Nˆc] and D[bˆ† − β0Nˆc] terms in Eq. (7); (ii)
the shift of the mechanical displacement that depends on
the photon number, which yields the last term in Eq. (7).
With β0 ∼ 1 in the ultrastrong coupling regime, the ex-
tra terms can have a strong impact on the coherence and
dynamics of the optomechanical system.
III. CAVITY DEPHASING
The dynamics of an optomechanical system governed
by the DSME could be quite different from the dynam-
ics governed by the SME. We first study the dephasing
of cavity states. Consider the optomechanical system
in an initial state |ψ(0)〉 = 1√
2
(|0〉c + |3〉c)|0〉m, with
both the cavity and the mechanical modes in a pure
state. We numerically simulate the time evolution of
the density matrix of this system using the package in
Ref. [36]. We then calculate the off-diagonal matrix el-
ement ρ03(t) ≡ |c〈0|Trm[ρ(t)]|3〉c| of the density matrix
ρ(t), where |0〉c, |3〉c are photon number states and Trm
is a trace operation over the mechanical mode. This ma-
trix element directly reflects the coherence of the cavity
mode. In Fig. 2, ρ03(t) from the DSME as well as from
the SME is plotted. At nth = 0 (T = 0), the DSME
result predicts stronger cavity coherence than that of the
SME, with ρ03(t) decreasing at a slower rate with the
DSME. However, at nth = 20, opposite behavior can be
observed with ρ03(t) decreasing at a faster rate with the
DSME than that with the SME. These results indicate
that the dephasing of the cavity is strongly affected by
the β0-dependent terms in Eq. (7) even at moderate ther-
mal occupation number, and the SME is not sufficient to
correctly describe the time evolution of this system.
To explain the above result, we write the master
equations in the interaction picture, which are given by
Eq. (A20) and Eq. (A21) in Appendix A. In the inter-
action picture, the bath-induced terms in the DSME are
exactly the same as that of Eq. (7), only with ρ(t) re-
placed by the density matrix ρI(t) in the interaction pic-
ture. Whereas in the SME, with all other terms staying
the same as that in the DSME, the D[Nˆc] term has a
different coefficient: γm(2nth + 1)β
2
0 . Hence at nth = 0
(T = 0), the SME has one more term than the DSME:
γmβ
2
0D[Nˆc]ρI(t), which explains the slower dephasing
predicted by the DSME. At nth = 20 (finite T ), the co-
efficient of the D[Nˆc] term in the DSME becomes larger
than that in the SME, which predicts faster dephasing
for the DSME.
The time evolution of the photon number average, in
contrast, is not affected by the β0-dependent terms in
the master equation. It can be shown that with DSME,
〈Nˆc(t)〉 = exp (−κt)〈Nˆc(0)〉, as given by Eq. (A22) in
Appendix A, which is the usual photon exponential decay
at a decay rate κ.
IV. SECOND-ORDER PHOTON
CORRELATION
Photon correlation can be strongly affected by the
radiation-pressure interaction in an optomechanical sys-
tem with ultrastrong coupling [13, 16, 17]. The second-
order photon correlation at equal times defined as
g(2)(0) = 〈aˆ†aˆ†aˆaˆ〉ss/〈aˆ†aˆ〉2ss is a widely used quantity
to identify quantum features of a photon state such as
antibunching. Here we study the behavior of g(2)(0)
of an optomechanical system governed by the DSME
and the SME. The system is under a weak driving on
the cavity mode. With the driving, the Hamiltonian
Hˆs in Eq. (7) needs to be replaced by Hˆ
′
s = Hˆs +
E0
(
aˆeiωdt + aˆ†e−iωdt
)
, where E0 (ωd) is the amplitude
4g0/ωm
g
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FIG. 3: (Color online) Photon correlation g(2)(0) versus
g0/ωm at detuning ∆0 ≡ g
2
0/ωm and driving amplitude
E0 = 0.1κ. Thin (red) curves are for nth = 0; thick (blue)
curves are for nth = 10. Other parameters are κ = 0.005 ωm
and γm = 0.0033 ωm.
(frequency) of the driving field. In our numerical calcu-
lation [36], we choose the detuning of the driving field
∆0 ≡ ωc − ωd to be at the single-photon resonance with
∆0 = g
2
0/ωm, i.e., the driving field can resonantly excite
the transition between the ground state and the state
|1, 0(1)〉 [12, 13]. We derive the photon correlation by
solving the steady state of the master equations.
The photon correlation g(2)(0) is plotted in Fig. 3 as
a function of the dimensionless constant β0 = g0/ωm.
Similar to that in previous works [13, 17], g(2)(0) demon-
strates oscillating behavior with peak positions at β0 =√
k/2 for integer number k. These peaks correspond to
two-photon resonances at given phonon sidebands. At
nth = 0, the result with the DSME gives smaller g
(2)(0)
values and indicates more quantumness in the photon
state than that with the SME. On the other hand, at
nth = 10, g
(2)(0) from the DSME is always larger than
that from the SME, indicating less antibunching and
weaker photon blockade. In particular, in the vicinity
of β0 = 1.7 and several other values, the SME gives
g(2)(0) < 1; while the DSME gives an opposite result
of g(2)(0) > 1, which shows that photon blockade does
not occur. These numerical results can be explained by
our previous analysis of the master equations in the in-
teraction picture and also agree with the results for cav-
ity dephasing. Our results imply that in the ultrastrong
regime, the second-order photon correlation depends sen-
sitively on the coupling β0 and could be strongly affected
by the D[Nˆc] term in the DSME.
V. TWO-CAVITY ENTANGLEMENT
Consider an optomechanical system made of two cav-
ity modes coupling to a common mechanical resonator
with the total radiation-pressure interaction Hˆint =
DSME 
SME 
κt
E
N
(t
)
FIG. 4: (Color online) Time dependence of EN(t). Red curve
is for β1,2 = 1.5. Thick (blue) curves are envelopes of the
time dependence (dotted curves) for β1 = 1.5 and β2 = 0.5.
Other parameters are κ1,2 = 0.005 ωm, γ = 0.00167 ωm and
nth = 20.
−∑i giaˆ†i aˆi(bˆ+ bˆ†), where gi’s are the coupling constants
and aˆi’s are the annihilation operators for the cavity
modes with i = 1, 2. Here we study the entanglement
between the two cavity modes. The DSME for this sys-
tem can be derived as
dρ(t)
dt
= −i[Hˆs, ρ(t)] + γm(nth + 1)D[bˆ− Nˆt]ρ(t)
+
∑
i
κiD[aˆi]ρ(t) + γmnthD[bˆ† − Nˆt]ρ(t)
+ 4γm(kBT/ωm)D[Nˆt]ρ(t), (9)
where Hˆs is the total Hamiltonian with the interaction
Hˆint given above, κi is the damping rate of each cavity
mode, and Nˆt = β1Nˆc1 + β2Nˆc2 with βi = gi/ωm and
Nˆci = aˆ
†
i aˆi. The difference between Eq. (9) and Eq. (7)
is that the Nˆt terms in the above master equation contain
contributions from both cavities. Details of the deriva-
tion are presented in Appendix B.
We study the time dependence of the entanglement
between the two cavity modes using the master equa-
tions. The system starts with an initial state |ϕ(0)〉 =
1√
2
[(|0〉c1|1〉c2 + |1〉c1|0〉c2)|0〉m] with the cavities in a
fully entangled state. We characterize the entangle-
ment with the logarithmic negativity [37, 38]: EN (t) =
log2 ‖(Trm[ρ(t)])TA‖, where the superscript TA denotes
the partial transpose of the reduced density matrix
Trm[ρ(t)] and ‖oˆ‖ denotes the trace norm of the ma-
trix oˆ. The logarithmic negativity EN (t) is plotted in
Fig. 4. For equal coupling strength β1,2 = 1.5, the re-
sults from the DSME and from the SME are exactly the
same and without oscillations in the amplitudes. This is
because Nˆt = β1(Nˆc1 + Nˆc2) at equal coupling, propor-
tional to the total photon number in the cavities; and our
initial state is in a superposition of two states |0〉c1|1〉c2
and |1〉c1|0〉c2, which have equal total photon number.
5Hence, the Nˆt-dependent terms in the master equations
generate equal phase fluctuations on these two states, and
induce no extra dephasing in this special case. However,
when the couplings are different, e.g., for β1 = 1.5 and
β2 = 0.5, the DSME and the SME give different results.
At nth = 20, EN (t) derived from the DSME decays faster
than that from the SME, similar to the behavior of cav-
ity dephasing shown in Fig. 2, due to the larger D[Nˆt]
terms in the DSME. This indicates that the mechanical
noise is transferred to the cavity modes via the optome-
chanical coupling and degrades the entanglement. Note
that although the time envelopes in Fig. 2 and Fig. 4 all
show exponential decay, their time scales and detailed
behaviors are quite different. The similarity in the time
envelops is due to the forms of the dissipative terms in
the master equations, which induce this generic behavior
in both cavity dephasing and entanglement.
VI. CONCLUSIONS
To summarize, we study the quantum coherence in
an optomechanical system in the ultrastrong coupling
regime with a dressed-state master equation approach.
Compared with the standard approach, our master equa-
tion takes into account the modification of the eigenstates
due to the optomechanical coupling between the cavity
and the mechanical modes, and predicts different behav-
iors in cavity dephasing, second-order photon correlation
and two cavity entanglement. Our results show that ul-
trastrong light-matter interaction can play a significant
role in the open system dynamics of an optomechanical
system. This work could be useful for future studies of
nonlinear optical effects in optomechanical systems.
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Appendix A: DSME for single cavity system
In this section, we present details of the derivation
of the DSME given in Eq. (7). The coupling between
the system and the bath modes can be described by the
Hamiltonian HˆIb = Hˆ
I
cb + Hˆ
I
mb in the interaction pic-
ture with the cavity-bath coupling HˆIcb given by Eq. (3)
and the mechanical mode-bath coupling HˆImb given by
Eq. (4), respectively. Under the Born-Markov approxi-
mation, the master equation for the reduced density ma-
trix ρI(t) of the optomechanical system in the interaction
picture can be derived as [31–34]
dρI(t)
dt
= −
∫ ∞
0
dsTrb[Hˆ
I
b (t), [Hˆ
I
b (t−s), ρI(t)⊗ρc⊗ρm]],
(A1)
where Trb denotes the trace operation over the bath
modes and ρc (ρm) is the density matrix of the cav-
ity (mechanical) bath modes in their thermal state. As
the cavity bath and the mechanical bath are indepen-
dent from each other, the above master equation can be
written as
dρI(t)
dt
= LIcρI(t) + LImρI(t), (A2)
where LIc and LIm are superoperators acting on the den-
sity matrix of the system. By applying the rotating wave
approximation (RWA) to remove fast oscillating terms
such as the e±2iωct terms, the cavity bath contribution
becomes
LIcρI(t) =
∫ ∞
0
dsR−(s)aˆ†(t− s)ρI(t)aˆ(t)
−
∫ ∞
0
dsR−(s)aˆ(t)aˆ†(t− s)ρI(t)
+
∫ ∞
0
dsR+(s)aˆ(t− s)ρI(t)aˆ†(t)
−
∫ ∞
0
dsR+(s)aˆ†(t)aˆ(t− s)ρI(t)
+ h.c. (A3)
with bath correlation functions defined as
R−(s) = Trb
[
Γˆ†c(t)Γˆc(t− s)ρc
]
,
R+(s) = Trb
[
Γˆc(t)Γˆ
†
c(t− s)ρc
]
. (A4)
For the mechanical bath, we have
LImρI(t) =
∫ ∞
0
dsRm(s)Xˆ(t− s)ρI(t)Xˆ(t)
−
∫ ∞
0
dsRm(s)Xˆ(t)Xˆ(t− s)ρI(t)
+ h.c. (A5)
with the time-dependent operators
Xˆ(t) = bˆ(t) + bˆ†(t),
XˆΓ(t) = Γˆm(t) + Γˆ
†
m(t) (A6)
and the correlation function for the mechanical bath
Rm(s) = Trb
[
XˆΓ(t)XˆΓ(t− s)ρm
]
. (A7)
Below we derive the contributions of the cavity and the
mechanical bath modes respectively.
61. Cavity bath contribution
We first write down the time-dependent operator aˆ(t).
Define the operators
Aˆ
(n)
j,k =
√
n〈j(n−1)|k(n)〉|n− 1, j(n−1)〉 〈n, k(n)| (A8)
and the energy separations ∆
(n)
k,j = (εn,k − εn−1,j) in
terms of the eigenenergies εn,k. It can be shown that
∆
(n)
k,j = ωc+(k−j)ωm+(1−2n)g20/ωm, including phonon
sidebands (k − j)ωm. We then have
aˆ(t) =
∑
n,k,j
e−i∆
(n)
k,j
tAˆ
(n)
j,k . (A9)
The cavity bath contribution to the DSME can be derived
from Eq. (A3). With Γˆc(t) =
∑
j gcje
−iωcjtcˆcj,
R−(s) =
∑
j
|gcj|2n(ωcj , T )eiωcjs,
R+(s) =
∑
j
|gcj|2[n(ωcj , T ) + 1]e−iωcjs, (A10)
where n(ωcj, T ) is the average occupation number of the
corresponding bath mode. Because ωc ≫ ωm, we assume
that the cavity bath spectral density defined as Jc(ω) =∑
j |gcj |2δ(ω−ωcj) is slow-varying near ω = ωc, and can
thus be written as Jc(ω) ≡ κ/2pi in the full range of the
phonon sidebands. Hence,∫ ∞
0
dsei∆
(n)
k,j
·sR+(s) ≈ κ
2
[n(ωc, T ) + 1] ≈ κ
2
,
∫ ∞
0
dse−i∆
(n)
k,j
·sR−(s) ≈ κ
2
n(ωc, T ) ≈ 0, (A11)
where the thermal photon number at the cavity frequency
n(ωc, T ) ≈ 0. The cavity bath contribution is hence
LIcρI(t) =
κ
2
∑
k,j,n,l,i,r
{
2[e−i∆
(n)
k,j
tAˆ
(n)
j,k ]ρ
I(t)[ei∆
(r)
l,i
tAˆ
(r)†
i,l ]
− [ei∆(r)l,i tAˆ(r)†i,l ][e−i∆
(n)
k,j
tAˆ
(n)
j,k ]ρ
I(t)
− ρI(t)[ei∆(r)l,i tAˆ(r)†i,l ][e−i∆
(n)
k,j
tAˆ
(n)
j,k ]
}
, (A12)
which is simply LIcρI(t) = κD[aˆ(t)]ρI(t). Here D[oˆ]ρ(t) =
1
2 [2oˆρ(t)oˆ
†− oˆ†oˆρ(t)−ρ(t)oˆ†oˆ] is the Lindblad superoper-
ator for operator oˆ. Under the RWA, the fast oscillating
terms in this expression can be omitted from the above
equation.
By transforming Eq. (A12) to the Schro¨dinger picture,
the cavity bath contribution can be simplified as
Lcρ(t) = κD[aˆ]ρ(t), (A13)
where Lc is a superoperator acting on the density ma-
trix of the system modes in the Schro¨dinger picture
ρ(t) = e−iHˆstρI(t)eiHˆst. The time-dependent factors in
this superoperator are cancelled due to the transforma-
tion e−iHˆst. Eq. (A13) has exactly the same form as the
cavity bath contribution in a standard master equation.
2. Mechanical bath contribution
The time-dependent operator bˆ(t) can be decomposed
in the eigenbasis as
bˆ(t) =
∑
n,j
[√
je−iωmt|n, (j − 1)(n)〉〈n, j(n)|
+ β0n|n, j(n)〉〈n, j(n)|
]
, (A14)
which can be simplified to give Eq. (6). Using the ex-
pression Γˆm(t) =
∑
j gmje
−iωmjtcˆmj , we derive the cor-
relation function Rm(s) defined in Eq. (A7) as
Rm(s) =
∑
j
|gmj|2n(ωmj, T )eiωmjs
+
∑
j
|gmj|2[n(ωmj, T ) + 1]e−iωmjs, (A15)
where n(ωmj , T ) is the thermal occupation number of
bath mode cˆmj. We assume that the spectral density
of the mechanical bath Jm(ω) =
∑
j |gmj|2δ(ω − ωmj) is
Ohmic and takes the form of Jm(ω) =
γmω
2piωm
in the con-
tinuum limit of bath frequency. Here γm = 2piJm(ωm) is
the mechanical damping rate. Note that for an Ohmic
spectral density, the correlation function in Eq. (A15)
can be converted to the familiar form in Ref. [35] with
Rm(s) = γm
2ωm
∫ ∞
−∞
dω
2pi
ωe−iω·s [coth (ω/2kBT ) + 1] ,
(A16)
where we have applied the relation n(−ω, T ) =
−[n(ω, T ) + 1]. Similar to the calculation for the cav-
ity bath in Sec. A 1, we find
∫ ∞
0
dseiωm·sRm(s) = γm
2
(nth + 1),
∫ ∞
0
dse−iωm·sRm(s) = γm
2
nth,
∫ ∞
0
dsRm(s) = γm
2
(
kBT
ωm
)
, (A17)
where nth ≡ n(ωm, T ) is the thermal phonon number at
the mechanical resonance.
Using this result and applying the RWA to omit the
fast oscillating terms, we derive the mechanical bath con-
tribution to the DSME:
LImρI(t) = γm(nth + 1)D[bˆ− β0Nˆc]ρI(t)
+ γmnthD[bˆ† − β0Nˆc]ρI(t)
+ 4γm
(
kBT
ωm
)
β20D[Nˆc]ρI(t). (A18)
With Eq. (6), e−iHˆst(bˆ − β0Nˆc)eiHˆst = eiωmt(bˆ − β0Nˆc).
The mechanical bath contribution in the Schro¨dinger
picture Lmρ(t) has exactly the same form as that of
Eq. (A18) with the replacement ρI(t)→ ρ(t).
73. Master equations
Here we summarize the equations derived in the previ-
ous subsections. In the Schro¨dinger picture, the DSME
has the form
dρ(t)
dt
= −i[Hˆs, ρ(t)] + Lcρ(t) + Lmρ(t) (A19)
with Lcρ(t) and Lmρ(t) given by Eqs. (A13) and (A18),
respectively. Written explicitly in terms of the system op-
erators, we obtain the master equation given by Eq. (7).
In the interaction picture, the DSME becomes
dρI(t)
dt
= κD[aˆ(t)]ρI(t)
+ γm(nth + 1)D[bˆ− β0Nˆc]ρI(t)
+ γmnthD[bˆ† − β0Nˆc]ρI(t)
+ 4γm
(
kBT
ωm
)
β20D[Nˆc]ρ(t), (A20)
which contains fast oscillating terms with frequency
O(ωm) generated by the phonon sidebands. These terms
can be omitted under the RWA.
The SME in the Schro¨dinger picture, often seen in the
literature, is given by Eq. (8). Applying the transforma-
tion ρI(t) = eiHˆstρ(t)e−iHˆst and omitting the fast oscil-
lating terms including e±iωmt, the SME in the interaction
picture becomes
dρI(t)
dt
= κD[aˆ(t)]ρI(t)
+ γm(nth + 1)D[bˆ− β0Nˆc]ρI(t)
+ γmnthD[bˆ† − β0Nˆc]ρI(t)
+ γm(2nth + 1)β
2
0D[Nˆc]ρI(t). (A21)
Note that we have used Eq. (6) and the RWA in deriving
this master equation. The difference between Eq. (A20)
and Eq. (A21) is in the last term of the master equation,
which corresponds to photon dephasing. The difference is
proportional to γm
[
4
(
kBT
ωm
)
− 2nth − 1
]
β20 , and is orig-
inated from the mechanical bath modes. Because of the
strong coupling between the cavity and the mechanical
modes, the mechanical noise is transferred to the cavity
mode and induces photon dephasing. At high tempera-
ture with kBT ≫ ωm, the DSME predicts more serious
dephasing than the SME. Whereas at low temperature,
the DSME in Eq. (A20) predicts slower dephasing than
the SME. We want to note that the master equations here
are all based on the bath correlation function given by
Eq. (A16), which corresponds to a white noise spectrum
on the mechanical mode at high temperature.
4. Analytical solutions of operator averages
With the DSME given above, the time evolution of
some operators can be solved analytically. For the photon
number operator Nˆc,
d〈Nˆc〉
dt
= −κ〈Nˆc〉, (A22)
which yields the solution 〈Nˆc(t)〉 = e−κt〈Nˆc(0)〉. This
result is the exactly same as the time evolution given
by the SME, i.e., the dynamics of the photon number
operator is not affected by our approach. This is because
Nˆc commutes with both Hˆs and the extra dephasing term
(the last term) in the DSME.
Similarly, for the annihilation operator of the mechan-
ical mode bˆ,
d〈bˆ〉
dt
= −iωm(〈bˆ〉 − β0〈Nˆc〉)− γm
2
(〈bˆ〉 − β0〈Nˆc〉), (A23)
which depends on the photon number average 〈Nˆc〉.
Combining Eq. (A22) and Eq. (A24), we derive
〈bˆ(t)〉 = e−iωmt− γm2 t〈bˆ(0)〉 (A24)
+
ig0 + β0γm/2
iωm + γm/2− κ
(
e−κt − e−iωmt− γm2 t
)
〈Nˆc(0)〉,
which depends on the initial cavity photon number, but
is independent of the thermal temperature of the me-
chanical bath.
Appendix B: DSME for two cavity system
In this section, we derive the DSME given by Eq. (9)
for two cavity modes coupling to a common mechanical
mode. The total Hamiltonian of this system can be writ-
ten as
Hˆs =
∑
i=1,2
ωciaˆ
†
i aˆi + ωmbˆ
†bˆ−
∑
i=1,2
giaˆ
†
i aˆi(bˆ
† + bˆ), (B1)
where aˆi is the annihilation operator for the ith cavity
mode, ωci is its frequency, and gi is the coupling con-
stant between cavity aˆi and the mechanical mode. The
eigenstates of this Hamiltonian are
|n1, n2, k(n1,n2)〉 = |n1〉c1|n2〉c2e(
∑
i niβi)(bˆ
†−bˆ)|k〉m (B2)
with βi = gi/ωm. The corresponding eigenenergies are
εn1,n2,k = n1ωc1+n2ωc2+kωm−(n1β1+n2β2)2ωm. (B3)
To derive the DSME, we consider the time-dependent
operators bˆ(t) and aˆi(t). For the mechanical mode,
bˆ(t) = eiHˆstbˆe−iHˆst = e−iωmt(bˆ − Nˆt) + Nˆt (B4)
with the effective number operator defined as
Nˆt = β1aˆ
†
1aˆ1 + β2aˆ
†
2aˆ2. (B5)
8For the cavity mode, aˆi(t) = e
iHˆstaˆie
−iHˆst, including
many phonon sidebands. We use the same assumptions
as that in Appendix A, i.e., the cavity spectral density is
smooth in the entire range of the phonon sidebands and
the mechanical bath is Ohmic. By applying the same
procedure as that in Appendix A, the DSME in Eq. (9)
can be derived.
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